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Aspects of the low energy physics of certain Jackiw–Teitelboim gravity and supergravity theo-
ries are explored, using their recently presented non–perturbative description in terms of minimal
string models. This regime necessarily involves non–perturbative phenomena, and the inclusion of
wormhole geometries connecting multiple copies of the nearly AdS2 boundary in the computation
of ensemble averages of key quantities. A new “replica–scaling” limit is presented, combining the
replica method and double scaling with the low energy limit. Using it, the leading free energy,
entropy, and specific heat are explored for various examples. Two models of particular note are
the JT supergravity theory defined as a (1,2) Altland–Zirnbauer matrix ensemble by Stanford and
Witten, and the Saad–Shenker–Stanford matrix model of ordinary JT gravity (modified at low en-
ergy). The full models are shown to have a finite non–vanishing spectral density at zero energy.
The replica technique yields for them a low temperature entropy and specific heat that are linear in
temperature. These are features shared by various disordered systems, such as spin glasses.
I. INTRODUCTION
The Jackiw–Teitelbiom [1, 2] (JT) gravity and super-
gravity systems are particularly interesting models of
two dimensional gravity. They are instructive exam-
ples of low dimensional AdS/CFT holography, being in
some sense dual (at least for low energy [3–6]) to mod-
els of Sachdev–Ye–Kitaev (SYK) type [7, 8]. This makes
them a clean laboratory for studying aspects of quan-
tum chaotic dynamics in black holes [9] and even sys-
tems of terrestrial experimental interest. They also arise
naturally from dimensional reduction of various higher
dimensional black hole and black brane systems [10–14].
Furthermore, JT gravity and supergravity are interesting
as models of quantum gravity, dynamically summing over
all spacetime geometries, topologies and beyond. As such
they have a description in terms of double–scaled random
matrix ensembles of various types [15, 16], and thereby
supply another point of intersection between quantum
chaos and random matrices [17, 18]. Finally, since there
are black hole solutions of these solvable models of grav-
ity, by including matter interactions, the JT/SYK setting
becomes a powerful laboratory for understanding aspects
of the black hole information paradox (early work in-
cludes refs. [19–21]).
The primary goal of this paper will be to explore and
clarify aspects of the novel low energy properties of cer-
tain models of JT supergravity (although some of the
lessons have implications for JT gravity which will be
spelled out). This will necessarily involve probing non–
∗ johnson1@usc.edu
perturbative physics. There has been some recent suc-
cess in defining and studying non–perturbative proper-
ties [22–24] of JT gravity and supergravity by using a
decomposition in terms of minimal string models. This
is the formalism that will be used for the low energy
exploration. In doing so, many new aspects of the JT
connection to minimal string physics will be elucidated
here for the first time.
A major motivation for exploring the low energy
regime arose from observations made in refs. [16, 22–24]
about the full non–perturbative spectral density ρ(E) of
various models. Non–perturbative quantum effects can
modify the classical spectral density quite dramatically
at low energy. It is already notable when it cancels a
classically divergent spectral density to zero at E=0 (as
happens for the (2,2) JT supergravity model (notation
will be unpacked below)). However, a finite non–zero
value ρ(0) for the spectral density at E=0 is particularly
interesting, and it is present in the (1,2) JT supergravity,
and (in a sense1) also ordinary JT gravity. These are also
both models without time–reversal symmetry (unlike the
two other models, (0,2) and (2,2), for which explicit non–
perturbative features have been uncovered) and so it is
particularly interesting that they exhibit this feature.
From a condensed matter physics perspective, a quan-
tum mechanical model with a finite spectral density at
1 Ordinary JT gravity actually has non–perturbative difficulties
connected to a tail of E<0 contributions to the spectrum, but
that part of the spectrum can be excised for the purposes of
studying the ρ(0)6=0 feature. This turns out to be justified post–
hoc by noting that a model that naturally modifies the low energy
sector in this way exhibits the ρ(0)6=0 feature [22, 24].
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2E=0 is an interesting phase with a long and rich his-
tory, both experimentally and theoretically. Disordered
and “glassy” phases such as those that appear in certain
magnetic/spin systems can have this feature, as well as
other systems with frustrated ground states. Being able
to have a quantum gravitational description of such be-
haviour is novel, and may well be extremely useful.
There is also a wider issue of how to describe the low
temperature dynamics of JT gravity and supergravity,
even in models when the novelty of ρ(0)6=0 is not present.
For example (defining the inverse temperature β=1/T ,
and ~=e−S0 where the constant S0 is the T=0 entropy),
the partition function of JT gravity that arises from the
leading (disc order) dynamics is:
〈Z(β)〉0 = e
pi2
β
4~
√
piβ3/2
. (JT) (1)
As a reminder, the bulk of the theory is AdS2, with all
the dynamics residing on the boundary of finite length β
(so it is “nearly” AdS2) whose shape is allowed to fluc-
tuate, according to a Schwarzian action (see figure 1).
The expression above should be read as an average, or
Figure 1: The “nearly AdS2” geometry, presented in two
equivalent ways.
expectation value 〈∑i exp(−βEi)〉. So when β is small,
the physics may be safely thought of as dominated by a
high energy classical configuration, and the free energy F
can be consistently taken to be the logarithm of expres-
sion (1) (times −β−1), while the energy U is the (−)β–
derivative of it. This yields an entropy, S=β(U−F )
which makes sense at high temperature:
S = S0 +
2pi2
β
− 3
2
lnβ + const. , (2)
but which cannot be extended to low temperatures, as
signalled by a diverging (and worse, negative) entropy2.
The story for JT supergravity is similar. (There is a
factor of − 12 in front of the logarithm instead.)
Crucially, a quick calculation shows that this problem
is not solved by using the full non–perturbative parti-
tion function supplied by the studies of ref. [24]. This
is because at low temperature the logarithm of the aver-
age partition function is not the right object to study, as
2 The Author thanks Robie Hennigar, Felipe Rosso, and Andy
Svesko for discussions about this in February.
is well known from studies in condensed matter physics.
Instead, the average 〈lnZ(β)〉 is the sensible quantity,
and it is from this that the energy and entropy should
be computed. (This is often referred to as the distinction
between the “annealed” and the “quenched” averaged
quantities.)
This latter average is more subtle to compute in gen-
eral. In fields such as condensed matter, the replica
method is often used, going as far back as the classic
work of ref. [25] (see e.g., ref. [26] for a review). It is nat-
ural to ask if such a method might have a gravitational
analogue in JT gravity, and what results may come from
it. There has been a lot of discussion of replica methods
of different kinds in the JT context in the recent liter-
ature3, and moreover the seemingly inevitable presence
of wormholes in the computations has been interpreted
as evidence that the gravity path integral should be in-
terpreted as an ensemble average of the dual theory (lo-
cated on the boundary), which is borne out by the matrix
model equivalence [15]. (See also refs. [36, 37]. For some
recent work on an extension of this idea to 2+1 dimen-
sions, see refs. [38, 39].)
Very recently, ref. [40] directly posed the question of
computing the JT gravity free energy with a path integral
replica computation that includes wormholes, also moti-
vated (at least in large part) by trying to understand the
low energy sector. By directly using the matrix model de-
scription4, the methods of this paper are a complement
to that approach. The two key advantages of the double–
scaled matrix model methods will be, on the one hand,
ready access to non–perturbative contributions, and on
the other, the efficient handling of (generalized) worm-
hole contributions.
This paper’s results help to emphasize that a non–
perturbative treatment is essential if all of the elements
the replica method needs are to be included. Since non–
perturbative physics can have explicit dramatic effects
on the low energy physics, it can significantly modify the
dynamics. This has already been demonstrated [24] in
computations of the spectral form factor, a useful diag-
nostic of the late time chaotic behaviour [17, 41–43]. (For
those less familiar, an example of its classic saxophone
shape over logarithmic time is given, for the (1,2) JT su-
pergravity, in figure 9, on page 10.) The late time (or
large β) piece (the “plateau”) of that quantity is intrin-
sically non–perturbative (this will be reviewed below).
It can be thought of as arising from a wormhole geom-
etry that connects the two boundaries of length β that
represent the partition function (see the righthand side
of figure 5 (page 7)), but with highly non–perturbative
3 This began with refs. [27, 28], following on work on entropy and
the Page curve in refs. [29, 30]. See also refs. [31–35] for closely
adjacent work.
4 The Author thanks Juan Maldacena, Herman Verlinde, and Ed-
ward Witten for each (independently) recently asking him the
question to as to whether such a computation was possible.
3dressing. (In contrast, the geometry that controls the
early part of the “ramp” is a cylinder diagram in per-
turbation theory; a perturbative wormhole.) The non–
perturbative piece dominates at low temperatures, as will
be shown analytically later in this paper.
Crucially, there are analogues of this piece when there
are more boundaries, and they are naturally computed
in the double–scaled matrix formalism. This is impor-
tant because for the replica method, contributions with
more boundaries must be computed. So the dominant
(non–perturbative) wormholes play a leading role at low
temperature, and (for small ~=e−S0) an explicit result
can be extracted for 〈lnZ(β)〉. Hence, the free energy
F (β)=−T 〈lnZ(β)〉 can be computed, and from it the
energy, entropy, and specific heat (U, S and C) in this
regime, with e.g., the result (for (1,2) JT supergravity):
F = −S0T − σT 2 , U = σT 2 ,
S = S0 + 2σT , C = 2σT , (3)
where S0 is the extremal entropy, and σ is the value of
the spectral density ρ(E) at E=0: σ=ρ(0)=µ2/(4~2),
where ~=e−S0 . (Here, the constant µ can be set to 1.
Its meaning will be explained in the next section.) There
is an analogous result for JT gravity (defined as a ma-
trix model, with a low energy sector as discussed in foot-
note 1 (page 1).). There are higher order corrections in T
(and ~) that are not computed in this paper5.
In sharp contrast to the expression (2), these results
make sense all the way down to T=0, and characterize
the low energy thermodynamics of the gravity theory.
As already remarked, the behaviour (including ρ(0)6=0,
S(T=0) 6=0, and linear C(T )) shares many features with
long known non–trivial disordered complex phases famil-
iar from condensed matter physics [47, 48]. Being able to
model such disordered behaviour using quantum gravity
theories of JT–type could well be a new, fruitful window
of opportunity to learn new physics.
An outline of this paper is as follows:
Section II is a summary of many of the key pieces
of minimal string theory that will be used in this paper.
The dictionary that translates between JT–type systems
and minimal string methods is still growing, and aspects
of this summary (as well as results later in this paper)
constitute new entries into it. The business of capturing
low energy physics of a JT system is explored, including
discussion about the role of the non–perturbative effects
that arise in that regime. This is (in part) preparation
for what is to come in later sections.
Section III displays the results of non–perturbative
studies of the (1,2) JT supergravity, including the density
of states, and the spectral form factor. Some properties
of ρ(0), the density of states at E=0, are extracted.
5 Refs. [44–46] also use minimal models to study aspects of JT
systems at low temperature, but with different goals.
Section IV delves further into the low energies stud-
ies, noting along the way some interesting properties of
the system at general E, elucidating and contrasting the
roles of FZZT D–branes and ZZ D–branes (as well as
R–R fluxes) in JT supergravity. The analytic treatment
of the low energy (at small ~) sector is done here (it
is simply the “Bessel” model explored in this context
in refs. [16, 22]), including extracting a simple formula
for ρ(0), which compares well to the full result.
Section V computes the leading free energy using
the replica method, yielding the results given in equa-
tions (3), among others. Readers already familiar with
the minimal model formalism and the logic of low energy
limits of JT gravity can jump straight to this section.
Section VI ends the paper with further discussion.
II. DOUBLE SCALED
MATRIX MODEL TOOLKIT
This section will summarize and discuss some of the
centrepieces (from the perspective of this paper and the
three leading up to it [22–24]) of the toolkit that emerge
from double–scaled random matrix models for use in for-
mulating JT gravity and supergravity. It is not intended
to be an exhaustive review, and nor is it entirely a review,
since some of the ideas and perspective do not seem to
be present in the existing literature (at least not in this
context). For older but more extensive reviews of the
basic tools from a more direct string theory perspective,
see e.g. refs. [49–51]. (Note also that in addition to the
papers mentioned above there is a growing literature of
work on studying aspects of JT gravity using minimal
strings, and/or Liouville theory, starting with a sugges-
tion in ref. [15] and including e.g., refs. [44–46, 52–55].)
A. The Minimal String Theories
Certain random matrix ensembles, after the double
scaling limit [56–59], produce families of models that
sometimes can be identified as “minimal” models of
string theory. In some cases there is a natural organi-
zation of the physics in terms of a Hamiltonian [59–61]
for a 1D quantum mechanics:
H = −~2 ∂
2
∂x2
+ u(x) , (4)
which partly follows from the fact that the model can be
solved in terms of a system of orthogonal polynomials.
The potential u(x) satisfies a non–linear ordinary dif-
ferential equation (ODE) called a “string equation”. The
string equation that will occupy most of the attention of
this paper is [62–66]:
uR2 − ~
2
2
RR′′ + ~
2
4
(R′)2 = ~2Γ2 , (5)
4where
R ≡
∞∑
k=1
tkR˜k[u] + x . (6)
Here, R˜k[u] is the kth order polynomial in u(x) and its
x–derivatives defined by Gel’fand and Dikii [67]. They
have a purely polynomial in u(x) piece, which is u(x)k, a
purely derivative linear piece, u(x) x–differentiated 2k−2
times, and then non–linear mixed terms involving u(x)
and its x–derivatives. They will not be needed in this
paper, and so will not be listed.
The string equation (5) arose from studying double–
scaled complex matrix models. While the models they
provided were first offered [63, 65] as alternative, bet-
ter non–perturbatively defined, models of the physics
captured by the bosonic (2k−1, 2) minimal string the-
ories, they were much later [68] identified as the (4k, 2)
type 0A minimal string theories. Many interesting, and
sometimes peculiar, properties of the equations were un-
covered in the early works, and more recently in e.g.
refs. [69–71]. Several of those properties have now been
shown to have a natural home in the JT gravity and su-
pergravity context.
It was shown refs. [23] that if the constants tk are cho-
sen in this particular combination:
tk =
pi2k
(k!)2
, (7)
and the solutions of the equation with the following
boundary conditions for each k are used:
u(x)→ 0 as x→ +∞ ,
u(x)→ (−x) 1k as x→ −∞ . (8)
then the system defines, fully non–perturbatively, the
(2Γ+1, 2) JT supergravity theories discussed by Stanford
and Witten in ref. [16], where the notation refers to the
(α, β) Altland–Zirnbauer [72] classification6 of random
matrix ensembles.
Going back to the minimal string language for a mo-
ment, there is actually a duality present in these systems
that can help with organizing the understanding of some
JT physics to be uncovered later. These minimal string
theories are formed from minimal (super)conformal field
theories (with cˆ<1) coupled to gravity. The confor-
mal field theory description of the gravity sector is (su-
per)Liouville theory [51, 73, 74]. With the Liouville field
6 So far, particular attention was given to the cases Γ=0,± 1
2
,
but since the equation seems to naturally define smooth non–
perturbative solutions for all (certainly positive) integer and
half–integer Γ, the other supergravities would seem to be nat-
urally defined non–perturbatively by this framework. Moreover,
since ref. [70] derived an explicit Ba¨cklund transformation that
construct new solutions u(x; Γ±1) from old ones u(x; Γ), the pro-
totype cases seed all the others quite naturally, although they are
worth exploring in their own right.
denoted ϕ(z), the target space can be taken to be (at least
in part) −∞≤ϕ≤+∞. The strength of the string cou-
pling varies in this background, with the ϕ=+∞ regime
being strongly coupled.
In these models, the spacetime physics can be readily
enriched with background objects that source the R–R
fields in the theory. As string theories, there are two
dual worldsheet descriptions of the spacetime physics de-
pending upon whether x is taken large and positive, or
large and negative. The asymptotic expansions in these
regions start out as:
u(x) = 0 +
~2
(
Γ2 − 14
)
x2
+ · · · (x→ +∞) , (9)
u(x) = (−x) 1k + ~Γ
k(−x)1− 12k +Ak(Γ)
~2
x2
+ · · · (x→ −∞) .
where Ak(Γ) is quadratic in Γ. (It is −Γ2/2 for k=1 and
−(6Γ2+1)/24 for k=2.) For x large and negative, the
world–sheet expansion involves closed strings and open
strings, where Γ (when integer) counts the number of
background ZZ [75] D–branes, located in the strongly
coupled region at ϕ=+∞. See the second two rows in
figure 2. If x is large and positive, the world–sheet ex-
(hΓ)2
(hΓ)2
hΓ
Figure 2: Minimal string world–sheet diagrams corresponding to
the different asymptotic regions of x in equation 9. The green
objects are integrated over. The loop represents Γ D–branes,
while the crosses represent pairs of closed string operator
insertions building Γ units of background R–R flux.
pansion involves purely closed strings, with Γ units of
background R–R flux (first row in figure 2). The tran-
sition between each asymptotic regime is an example of
a geometric transition, re–summing an open–closed de-
scription into a purely closed one. For Γ half–integer,
minimal string interpretations have not been fully worked
out, but the work of ref. [23] connecting Γ=± 12 to (2,2)
and (0,2) JT supergravity, where the geometries are non–
orientable, suggests that the minimal strings are also
non–orientable. So Γ=n+ 12 with integer n presumably
involves non–orientable world–sheets and n units of R–R
flux, or ZZ D–branes. This would be interesting to check.
5There is another kind of D–brane that is naturally in-
corporated in these models, an FZZT [76, 77] D–brane,
that will be discussed in section IV B. It is intimately
connected to the wavefunctions of H.
Turning back to JT physics, these minimal string in-
terpretations will of course not have the same meaning.
However, they can be useful at least organizationally.
The partition function of JT gravity is built from the
spectrum of H (see next subsection for a review). Since
u(x) is its potential, the above knowledge about the dif-
ferent regions of u(x) will translate into useful interpre-
tations of the JT physics. Both regions play a role in the
physics of JT supergravity (since wavefunctions spread
over all x). But because of how the spectral density of
the JT physics is constructed (see equation (14)), it will
be seen that the low energy sector of the theory favours
the R–R flux closed string description.
A final remark, for this section. It was shown in
ref. [22] (and explored more in ref. [24]) that the mini-
mal models just described can be combined in a different
way (but with Γ=0) to give a non–perturbatively com-
plete theory that at high energies agrees with ordinary JT
gravity, but with a different, more well–behaved low en-
ergy sector. That particular construction will not feature
much in this paper and so its properties will not be re-
viewed, although remarks will be made at various points
when certain observations apply to both JT supergravity
and (that definition of) ordinary JT gravity. Addition-
ally, some observations about the low energy sector of
JT gravity (in particular, the free energy) will be made
in section V C.
B. Constructing the partition function
Specifically, the partition function of the JT supergrav-
ity models are built from H in this way:
〈Z(β)〉 = Tr(e−βHP) , (10)
where the projection operator P is given by
P≡
∫ µ
−∞
dx |x〉〈x| . (11)
The upper limit µ will be discussed below. In fact, equa-
tion (10) began life as an expression for the expectation
value of a “macroscopic loop”[59, 60] of fixed length (β in
this case), but ref. [15] realized that JT gravity’s descrip-
tion in terms of double–scaled matrix models implied the
macroscopic loop interpretation.
It made sense to explore [22, 23] the non–perturbative
implications of this connection, and extend it to JT su-
pergravity. The core idea was that if u(x) can be con-
structed non–perturbatively, as a solution to string equa-
tions, it supplies (through (10)) non–perturbative defini-
tions for JT gravity and supergravity. This was demon-
strated explicitly in ref. [24].
The partition function can be unpacked by inserting a
complete set of states:∫
dψ|ψ〉〈ψ| = 1 , (12)
yielding
〈Z(β)〉 =
∫ µ
−∞
dx〈x|e−βH|x〉
=
∫ µ
−∞
dx
∫
dψ〈x|e−βH|ψ〉〈ψ|x〉
=
∫ µ
−∞
dx
∫
dψE〈x|ψE〉〈ψE |x〉e−βE
=
∫
dEe−βEρ(E) , (13)
where the last line reveals its description (by Laplace
transform) in terms of the spectral density
ρ(E) =
∫ µ
−∞
ψ(x,E)ψ∗(x,E)dx . (14)
A visual guide to what this formula is doing may be use-
ful here, and for future discussion. See figure 3, where a
sketch of a typical potential u(x) is shown, and a sample
wavefunction. Classically, u=0 when x=0 but it departs
E
x
u(x)
0 µ
ψ (x,E)
ψ (x,E ) dx2
µ
8-
ρ(E ) =
Figure 3: A visual guide to understanding how the spectral
density ρ(E) arises from the solution u(x) of the string equation,
in the case relevant to JT supergravity. A sample wavefunction is
drawn at an illustrative energy E. The spectrum is bounded
below by zero.
from this when quantum effects are turned on. The bulk
of the x–integration over the wavefunction is from −∞
to 0, but there is an extra piece coming from integrat-
ing from 0 to µ. At lower energies E (adding this to
the sketch is left as an exercise), the physics picks up
more of the wavefunction’s behaviour in the part of the
potential in this latter neighbourhood, as compared to
6the exponentially small parts leaking off to the left re-
gion. According to earlier comments in subsection II A,
the minimal string character of u(x) in this region is best
described in terms of closed strings with R–R fluxes. This
will be discussed further in section II C.
So, knowledge of the full spectrum of the Hamilto-
nian H allows a great deal about the theory to be com-
puted. For example, ref. [24] showed explicitly how to
solve the string equations (in a controlled truncation to
finite order, since they are formally of infinite order)
for u(x), solve for the spectrum, and then exhibit the
fully non–perturbative spectral density (and hence parti-
tion function) of the (0, 2) and (2, 2) supergravity models
(as well as for a proposed non–perturbative completion
of ordinary JT gravity). It is straightforward to do this
also for the (1, 2) case, but for brevity that case was not
presented there. It will be presented here in section III.
The formalism outlined so far is very powerful. It al-
lows for not just the computation of the partition func-
tion, but also correlation functions of multiple copies of
it as well. This was also done (for two copies) in ref. [24],
allowing the full spectral form factor to be computed.
Many useful insights about the physics of the various
supergravity models were gained from this, as well as
the important issue of how this gravity computation per-
forms what can be interpreted as an ensemble average,
due to the presence of wormhole sectors. These insights
will be useful for the free energy computations to be pre-
sented later in this paper and so aspects of the two–point
function computation will be reviewed and discussed in
section II D. The spectral form factor for the (1,2) super-
gravity will be presented here in section III.
However, before doing so, and because the story will
naturally be driven toward low energy, some observations
about low energy physics and the tail of the spectral den-
sity are worth making, next.
C. A Tale of Tails
A great deal of intuition about the physics (perturba-
tive and non–perturbative) of double–scaled models, and
hence the JT theories that can be built out of them, can
be gleaned from studying the potential u(x). In general,
u(x) can be separated into a classical piece u0(x) (the
leading piece in the limit ~→0), and the rest, a mix-
ture of parts that are perturbative and non–perturbative
in the small ~ expansion. There is the separate issue of
solving for the spectrum of H, for a given u(x), which has
its own perturbative and non–perturbative distinctions.
(The two issues should not be confused.)
Turning to low energy limits, an important hierarchi-
cal structure that arises is the notion that the low energy
physics is captured by a simple model of the very end or
“tail” of the spectrum. This happens most sharply in the
limit of small E and small ~. The leading piece of the
spectral density ρ(E) for small ~ is the classical spectral
density ρ
0
(E). In JT gravity or JT supergravity, ρ
0
(E)
can be expanded as a series in E of the form
∑
k AkE
k− 12 ,
for k integer7. For JT gravity the series starts at k=1,
while for JT supergravity it begins at k=0. For low en-
ergy therefore, the dominant behaviour is given by the
lowest power of E. This is the tail, and its nature de-
pends upon the system under study.
The double scaled Hermitian matrix models [56–59]
yield the (2k−1, 2) minimal string theory models. The
kth model has a spectral density with classical depen-
dence Ek−
1
2 . The k=1 model (aka the Airy model)
is therefore the model of the “tail” of the distribution,
which is why it is often used as a prototype of various
low energy features of JT gravity [15]. Its potential is
u(x)=−x, and it has no corrections, perturbative or non–
perturbative. The spectral problem Hψ=Eψ is, after a
change of variables, just the defining equation for the
Airy function. The resulting wavefunctions are:
ψ(E, x) = ~−
2
3 Ai(−~− 23 (E + x)) , (15)
with a decomposition into parts that are perturbative
and non–perturbative in ~.
The double–scaled complex matrix models [62–66]
yield the (4k, 2) minimal string theory models that also
have the characteristic Ek−
1
2 character (at high E), but
each of them also has an E−
1
2 piece (it comes from the
u(x)→0 asymptotic in equation (8)). So while the k=1
model might have been expected to be the low energy tail,
there is an additional sector—a special barb or tip of the
expected tail, as it were—that dominates the physics8.
There is a way of turning it off, in which case the k=1
model plays the role of the tail (see below). (This hap-
pens for ref. [22]’s use of these models to give a non–
perturbative definition of ordinary JT gravity.)
The physics of the tip has a model of its own, and it
is the Bessel model. The potential in this case comes
from the string equation (5) by setting R=−x, and the
resulting solution is:
u(x)=
~2
(
Γ2− 14
)
x2
. (16)
After a change of variables, the spectral problem of H
with this potential can be written [22, 70] as Bessel’s
equation. The wavefunctions are:
ψ(E, x) =
1√
2~
x
1
2 JΓ
(
E
1
2x
~
)
, (17)
again with a decomposition into perturbative and non–
perturbative parts. The Bessel model is a good model of
7 This discussion is for undeformed JT models. There is recent
work [78, 79] on the spectral density for deformed JT gravity
models.
8 It can be thought of as a universal k=0 model, although that
terminology won’t be used in this paper.
7the very tip of the low energy tail for JT supergravity9.
(Notice that from the point of view of minimal strings,
the form of u(x) in equation (16) is just two closed string
diagrams: a torus, and a twice punctured sphere insert-
ing Γ units of R–R charge, at least for Γ integer. For
Γ=± 12 the punctured sphere is presumably replaced by
a Klein bottle.)
The presence of this special tip of the tail is controlled
by the parameter µ in the projector integral (11), giving
the definition of the spectral density in equation (14). It
is useful to think of the density integral in two parts:
ρ(E) =
∫ 0
−∞
ψ(x,E)ψ∗(x,E)dx+
∫ µ
0
ψ(x,E)ψ∗(x,E)dx .
(18)
At low energy and small ~, the physics comes from the
second part, and u(x) is given by equation (16) in this
region, so its classical piece is zero. The contribution to
the spectral density is10:
ρ
0
(E)tip =
µ
pi~
√
E
. (19)
A picture of all this is in order. See figure 4.
E0
µ
ρ(E )
> 0
0
E0
µ
ρ(E )
= 0
0
Figure 4: The effect of the wall on the spectral density in the
classical case. If µ=0 the divergent 1/
√
E meniscus goes away.
When quantum effects are turned on, a finite density at E=0 can
result whether µ vanishes or not.
The complex matrix model naturally provides a spec-
trum that lies on the positive E line, in contrast to the
9 This is why it played a role in some of ref. [16]’s discussion of JT
supergravity. The fact that it emerges naturally from the string
equation and hence lurks at the tail of all its minimal models was
a crucial clue for the JT supergravity constructions of refs. [23].
10 To see this from the expression above, expand the wave function
for Γ=0 from equation (17) around large E (or x). The leading
piece is ψ = (pi2~2E)−
1
4 + · · · .
Hermitian matrix model that has −∞≤E≤+∞. So it
can be thought of [63] as coming with an infinite “wall”
at E=0. The spectral density ends at E=0, but can
be “pushed” into the wall by turning on non–zero (pos-
itive) µ. There is a sort of meniscus that results, with
the density climbing up the wall. Classically, this is the
divergence (19). Quantum mechanical non–perturbative
corrections can conspire to modify this divergence, or
amplify it. In fact, even if a model has µ=0 and hence ρ
classically vanishes at the wall, quantum effects can gen-
erate a non–zero value ρ(0) there. This is the case for
the non–perturbative definition of JT gravity presented
in ref.[22] (see also ref. [24]).
The standard presentation of JT supergravity [16] has
µ=1 (in the conventions of this paper), but ref. [24]
showed aspects of how other values of µ are incorporated.
Changing µ is a useful probe of the structure of the the-
ory since it naturally controls the action of instanton ef-
fects in the non–perturbative physics. (In minimal string
theory it corresponds to the coefficient of the Liouville
potential.)
D. Two point function, spectral form factor,
and the role of wormholes
As an application of the minimal string approach’s ac-
cess to non–perturbative JT physics, the spectral form
factor was computed for the full JT gravity and super-
gravity models in ref. [24]. This follows from comput-
ing the correlator of two copies of the partition function.
There is a disconnected piece, 〈Z(β)〉〈Z(β′)〉 and a con-
nected piece. See figure 5.
Figure 5: Black holes vs. wormholes.
The connected part is given by [60]:
〈Z(β)Z(β′)〉 = Tr(e−βH(1− P)e−β′HP) . (20)
It can be unpacked with similar manipulations to those
done in equation (13):
〈Z(β)Z(β′)〉 = Tr(e−(β+β′)HP)− Tr(e−βHPe−β′HP)
= 〈Z(β+β′)〉 −
∫
dE e−βE
∫
dE′e−β
′E′ρ(E,E′)ρ∗(E′, E) ,
where
ρ(E,E′) =
∫ µ
−∞
dxψ∗(x,E)ψ(x,E′) . (21)
8It is worth a pause to develop a little intuition for this,
since it will be useful later. Setting β′=β, consider
the relative strengths of the connected and disconnected
pieces as a function of β. A single copy of the parti-
tion function has an inverse β dependence Z∼β−p (clas-
sically, p= 12 for JT supergravity and
3
2 for ordinary JT).
Squaring this to get the disconnected two point func-
tion gives β−2p. The leading positive piece of the con-
nected part is actually 〈Z(2β)〉, and so its dependence is
still β−p. This means that at small β the disconnected
piece will dominate the physics, reducing in size as β
grows. It eventually falls below the size of the leading
connected piece, which falls off more slowly with β. At
large β the leading connected piece will therefore domi-
nate. Generically there is a transition between the (total)
connected and disconnected pieces at some βc, the value
of which depends upon ~ (if perturbative corrections are
included) and the details of the theory in question. Sim-
ilar considerations apply when non–perturbative contri-
butions are taken into account, as shown in ref. [24].
The spectral form factor is the sum of the connected
and disconnected pieces, with the substitution β→β+it
and β′→β−it. Some of the key features of its time (t)
dependence (see e.g. figure 9) is controlled by the large β
observations made above. There is an early period where
it slopes downward as the disconnected piece falls, fol-
lowed by the dip where it begins to rise again due to the
growing dominance of the connected part, up a ramp part
(which isn’t always linear—see ref. [24]), finally settling
to the saturation value 〈Z(2β)〉 at late times, the plateau.
The relative durations of these different epochs depends
upon the starting value of β relative to βc, the value of ~,
and the details of the non–perturbative physics. This or-
ganization of the late time (or large β) physics can be
thought of as the domination of the large β (low temper-
ature/energy) physics by a wormhole that connects the
two nearly AdS2 geometries. This, combined with the
fact that the quantum gravity path integral sums over
all surfaces that connect those boundary topologies, can
be interpreted as not just the spectral form factor for
a representative of the “dual” boundary theory, but the
average over the whole ensemble [15, 37, 80].
The presence of the wormhole in the calculus should
not necessarily be thought of, in and of itself, as a non–
perturbative effect. It is important to distinguish be-
tween its presence in an amplitude and the effects of ac-
tual non–perturbative physics. The wormholes are more
properly thought of as a channel through which the non–
perturbative physics, which is increasingly important at
low energy, can be communicated to important quanti-
ties of interest (e.g., the spectral form factor, or the free
energy, as will emerge later).
For example, crucially, the nature of the non–
perturbative physics at low energy is important for the
details of the features of the plateau and the transition to
it from the ramp. This was elucidated in some detail in
ref. [24]. This is because saturation to the ramp depends
upon the dying out of late time correlations between low–
lying states. The more low–lying states there are, the
longer it takes for the connected piece to saturate to its
ramp value. This makes, for example, the (0, 2) super-
gravity theory quite different from the (2, 2) theory, since
while they have the same spectral density classically, with
a 1/
√
E low energy divergence, the (0, 2) theory retains
such a divergence after non–perturbative effects are in-
cluded, while the (2, 2) theory’s non–perturbative com-
pletion exactly cancels the spectral density to zero at
E=0. As a result, saturation of the form factor is much
more swift in the latter case, while it is asymptotic for
the former. The same wormhole structure is present for
each theory, but the distinct non–perturbative natures of
their spectra gave a different overall result.
The (1, 2) JT supergravity then becomes an interest-
ing intermediate case, since (see section III), the non–
perturbative effects leave it with a finite but non–zero
spectral density at E=0, so its characteristic saturation
time to the plateau value will be larger than the (2, 2)
case, but less than that of the (0, 2) case. This is borne
out by the computations. Since this is really a low energy
issue, a lot of insight can be gained by focussing directly
on the neighbourhood of E=0, and this will be done in
later sections.
A key lesson from all this for later use in this paper
is the following. When β=β′, the division of the con-
nected correlator (21) into the two parts has a curious
form. The first term is essentially a single partition func-
tion at 2β, which is why it wins at large β over all other
contributions, connected or disconnected. At large β it
can be thought of as an object in its own right, a sort of
non–perturbatively dressed wormhole that becomes the
most important contribution. This will persist in dia-
grams with more insertions of Z(β) and will be a key
simplifying feature in the replica computation of the free
energy in section V.
III. THE (1,2) JT SUPERGRAVITY
A. Non–perturbative Potential
The methods of ref. [24] were developed to show that
explicit non–perturbative results can be extracted from
the definition of JT supergravity and gravity in terms of
minimal string theories, despite the fact that the defining
string equation is highly non–linear and formally of infi-
nite order. The key point was that there is a well–defined
sense in which a controlled truncation of the equation can
be made such that the results for the spectrum are accu-
rate up to a given desired energy. A truncation resulting
in the solving of 13th order ODEs was done for studying
JT supergravity cases (0,2) and (2,2). Similar work can
be done for the (1,2) model, and the results are presented
here without much additional discussion of the methods,
since they are as in ref. [24].
The difference is that the equations must be solved
with Γ=0 instead of Γ=± 12 . This turns out to be a
9harder situation to solve for two reasons. The first is
that the x→+∞ boundary condition is less trivial now,
and so non–zero terms must be specified in the boundary
value problem. (For Γ=± 12 the magical result that every
term in the asymptotic expansion of u(x) vanishes in that
regime led to a certain simplicity.) The second reason is
that the resulting solution has a more appreciably sized
well in the interior, so instabilities can easily result in the
numerical boundary value routine failing to navigate this
feature. The trick to avoiding that was similar to what
was done when solving for Γ=− 12 potential. Solving for
Γ=+ 12 was easier, and then the Ba¨cklund transforma-
tion of ref. [70] that gives solutions differing by unit Γ
was used to generate the Γ=− 12 case. Similarly, here the
u(x) solution for Γ=1 was found, and then the desired
Γ=0 solution was built from it. It is shown in figure 6.
Figure 6: The solution (solid line) of the string equation for
truncation up to t6. The inset shows the well that developed in
the interior. The full classical solution is shown too (dotted),
showing good agreement up to energy E'1.0 (and somewhat
beyond).
B. Non–perturbative Spectral Density
The next step is solving the spectral problem ofH with
this potential. The same techniques described in ref. [24]
were used, with no modifications. The result of doing the
integral (14) to get ρ(E) is presented in figure 7. There
are similarities with the full spectral densities found for
the (0,2) and (2,2) cases, but there is a key difference.
There is a finite and non–zero spectral density at E=0.
Recall that the classical result (in this paper’s normal-
ization),
ρ
0
(E) =
cosh(2pi
√
E)
~pi
√
E
(SJT) (22)
is infinite there. The full quantum corrections cancelled
it to zero for the (2,2) case, and in this case, the quan-
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Figure 7: The full spectral density for the (1, 2) JT supergravity.
The dashed line is the disc level Schwarzian result (22).
tum effects have produced a finite density, ρ(0) which is
(from some points of view) more remarkable. It is also
the case that ordinary JT gravity, when given the non–
perturbative definition of ref. [22], also has ρ(0)6=0 (it is
studied more in ref. [24]). It is an example of a µ=0 case
that generates ρ(0)6=0 from purely quantum effects.
A goal of this paper will be to understand more about
the physics of this finite density appearing at zero en-
ergy. Determining the dependence of ρ(0) on the param-
eter µ will be helpful in this endeavour (when comparing
to some analytic results to be derived later in a special
limit). This is straightforward to extract by repeating
what was done to obtain figure 7, but at different µ val-
ues, reading off the value at E=0 (being careful to avoid
some easy to navigate numerical jitter in this region).
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Figure 8: The crosses show the µ dependence of ρ(0) for the
(1, 2) JT supergravity for ~=1. The solid line is the curve that
behaves as ρ(0)'0.4956µ2 for large µ. Note that ρ(0)6=0 at µ=0.
(See text.).
The result is a clear quadratic dependence as µ grows
large, as shown in figure 8, close to µ2/2. (The normal-
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ization of ref. [24], and hence of the results of this section,
are such that there is a factor of two relationship between
the values of µ2. Therefore this dependence is to be read
as µ2/4, for later comparison.) Note that the dependence
is not purely quadratic, only becoming so at large µ: at
µ=0 there is still a small non–zero piece. The meaning
of all this will be explored further in subsection IV D, by
constructing the E=0 wavefunction.
C. Spectral Form Factor
The spectral form factor is the next natural step. Solv-
ing the spectrum of H resulted in a library of ∼875
wavefunctions and energies. Those can be used in equa-
tion (21) to compute the connected piece, and the last
subsection already computed the partition function for
use in the disconnected piece. The continuation to in-
clude t is easily done numerically as before [24], and for
completeness, sample results for the disconnected and
connected parts are displayed in Appendix A in figures 11
and 12 respectively. The sum of these parts, constituting
the whole spectral form factor, is given in below figure 9.
It is interesting to compare these three figures to those
obtained for the (2,2) and (0,2) supergravities. As ex-
pected, the differences are consistent with the key low
energy (non–perturbative) features observed in the re-
spective spectral densities.
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Figure 9: The full (1,2) JT supergravity spectral form factor
vs. t, at β=50 and ~=1. The key features are the “slope” (the
initial plunge), “dip”, “ramp”, and “plateau”.
IV. LOW ENERGY JT SUPERGRAVITY
The last section uncovered an interesting and novel
quantum feature for the (1,2) supergravity model, a finite
density at E=0. It would be interesting to understand
the physics of this for several reasons. First and foremost,
while the other two supergravities have time–reversal in-
variance, this supergravity theory does not, and so is
more akin to ordinary JT gravity that the others. Sec-
ond, it is an intermediate situation between having an
infinite E=0 density ((0, 2) case) and zero density ((2, 2)
case). So it will be useful to contrast the three cases all
in the same setting. This section will do that.
First, it is useful to start with some observations that
are true for any E. Begin by writing H as a product:
H ≡ −~2 ∂
2
∂x2
+ u(x)
= A†A =
(
−~ ∂
∂x
+ v(x)
)
·
(
~
∂
∂x
+ v(x)
)
,(23)
where u=v2−v′. (As usual a prime denotes an x–
derivative times ~ here.) Now, ref. [64] showed that if
u(x) satisfies the string equation (5) with constant Γ,
then v satisfies the following equation:
∞∑
k=1
tk
{
1
2
R˜′k[v
2 − v′]− vR˜k[v2 − v]
}
+ xv + ~C = 0 ,
(24)
and the R˜k[u] are the Gel’fand–Dikii differential polyno-
mials mentioned earlier (see below (6)). The constant C
is given by C= 12±Γ. This is actually the Painleve` II
heirarchy of equations derived for double–scaled unitary
matrix models [81–85]. This one–to–one map of the solu-
tions of double–scaled unitary matrix models and those of
double–scaled complex matrix models demonstrated that
unitary matrix models described theories of 2D gravity11.
However, this is not the purpose of recalling these struc-
tures.
Imagine starting with a particular solution v(x), with
either choice of C. Now form instead the combination
u¯=v2+v′ (note the plus sign). This is a different function
than the original, u(x), and in fact it results from the al-
ternative factorization with A and A† reversed: H=AA†.
In fact, this new potential u¯(x) satisfies the original string
equation but for Γ shifted by either +1 or −1, depend-
ing upon whether the v(x) used had been chosen with
C= 12+Γ or C=
1
2−Γ. This is easy to see based on the
fact that the hierarchy is unchanged under the symme-
try v→−v combined with C→−C.
The point is that there is an important symmetry be-
tween spectra of the Hamiltonians, away from the E=0
sector. The eigenvalue E equation of A†A, with eigen-
function ψ supplies (by acting on the left with A), an
eigenfunction Aψ of AA† with the same energy. The
E=0 states are not mapped to each other though. This
11 In fact, the definition of refs. [23, 24] of JT supergravity in terms
of complex matrix models could well be re–written in terms of
these equivalent minimal models, now these days more commonly
referred to as the Brezin–Gross–Witten hierarchy. A recent pa-
per [46] has actually done this very re–writing.
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system actually has the formal structure of a super-
symmetric quantum mechanics (for a useful review, see
ref. [86]), and any two Hamiltonians for values of Γ sep-
arated by unity are potentially (see below) superpartner
pairs.
A. Generic E=0
It is important to consider the E=0 sector, with the
original H in equation (23). Something rather special
happens there that was noticed a while ago in ref.[69],
and this JT context may well supply it with a natural
application. Since Hψ=A†Aψ=0, the wavefunction can
be written, up to a normalization to be fixed later, as:
ψ(x) ∼ exp
{
−~−1
∫ x
v(x′)dx′
}
. (25)
So the zero energy non–perturbative wavefunctions of the
JT supergravity can be fully constructed from solutions
of equation (24), with the tk given as in equation (7).
There is a truncation method (analogous to that used
in ref. [24]) to be pursued here, with numerical meth-
ods. Using the resulting v(x) in equation (25) will yield
a wavefunction that when used in equation (14) to form
the spectral density at E=0 will presumably yield the
constant seen in figure 7. This would be an interesting
numerical exploration to carry out12.
More generally, it is worth further investigating this
role that the Painleve´ II hierarchy has in organising the
structure of the E=0 sector of JT supergravity.
B. Wavefunctions and FZZT D–branes
Before moving on, note that there is a useful interpre-
tation of the wavefunctions from minimal string language
that should be helpful for organising thoughts in this JT
context. The wavefunctions (for any E) are actually par-
tition functions for probe FZZT [76, 77] D–branes. Recall
from section II A that the Liouville field ϕ part of the tar-
get space runs from ϕ=−∞ a region of weak coupling, to
ϕ=+∞, a strongly coupled region. The Γ target space ZZ
D–branes (or the R–R flux sources) are localized in this
region. Instead[74], the FZZT D–branes run along the ϕ
direction from −∞, ending at a position ϕ0'− lnE. It
was shown in ref. [69] that it is still useful to write the
wavefunction in the form (25), but now with v(x) related
to u(x) by u−E=v2−v′. The resulting asymptotic expan-
sions for v(x)=−~ψ′/ψ can be interpreted as the various
diagrams that can be drawn with a boundary represent-
ing the FZZT brane, and either boundaries representing
the background ZZ–branes or the R–R flux insertions.
12 A warm–up version was done in ref. [22], just for the k=1 model.
Again, the two different asymptotic regions for x give
one or the other.
As mentioned in section II B, since the x–integration
to construct the JT spectral density runs from −∞ some
some finite positive value µ, and since wavefunctions at
some given energy E eventually exponentially decay to
the left, at very low energies most of the contribution of
the wavefunctions will come the part of the wavefunction
that extends in the x>0 region. This is the region that,
in minimal string terms, is best understood in terms of
background R–R fluxes. This will be helpful in interpret-
ing the low energy results to come later.
C. E=0: Toward small ~
What has been done in this section so far is the general
E=0 case, for arbitrary ~. As mentioned in section II C a
simpler low energy tail can emerge by working at small ~.
An intermediate step along the way is to take the k=1
model. In that case, the most relevant equation emerg-
ing from the system (24) is the lowest member of the
hierarchy, the famous Painleve´ II equation itself:
1
2
v
′′ − v3 + xv + ~C = 0 . (26)
A unique solution to this equation with the boundary
conditions needed is known to exist [87]. It is easy to see
from the equation that the leading behaviour for v(x) in
the negative x regime is v(x)=−~C/x+ · · · , and so the
ground state wavefunction there is, asymptotically:
ψ(x) ∼ x 12±Γ + · · · . (27)
On the other hand, the leading behaviour in the +x di-
rection for the kth case is v∼x1/2+~C/2x + · · · , which
gives:
ψ(x) ∼ x 12 ( 12±Γ) exp
(
−2
3
x
3
2
~
)
+ · · · . (28)
This shows that the ground state wavefunctions are non–
normalizable. This means that the putative supersym-
metry observed earlier is actually broken, which makes
sense in this context. Nevertheless, the mapping struc-
ture remains as a solution generating symmetry[70], al-
lowing u(x) for a given value of Γ to be turned into u(x)
for Γ± 1. It could be interesting to explore whether this
(broken) supersymmetric structure, combined with the
underlying integrable hierarchies, can be used to learn
anything more about JT supergravity.
D. E=0: The Tip of the Tail
As mentioned in section II C, the k=1 tail just stud-
ied has an extra piece that dominates the low energy
physics in the small ~ limit. The full model of it is the
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Bessel model with the exact wavefunctions given in equa-
tion (17), where the normalization in now in place. In the
projection integral and spectral density integration, the
range of x has reduced to 0≤x≤µ) (so only the second
term in equation (18) remains). For the E=0 case, the
case Γ=− 12 is divergent, giving a divergent E=0 spectral
density. The case Γ=+ 12 vanishes at E=0, with corre-
sponding vanishing density.
The case Γ=0 is special since J1(0)=1. In this case, the
resulting wavefunction ψ=(
√
2h)−1x
1
2 (note the agree-
ment with equation (27)) gives:
ρ(0) =
µ2
4~2
. (29)
It is worth emphasizing again that this is the result for
the case of small ~. It will not numerically match the re-
sult obtained in section III B for the full (1,2) JT super-
gravity theory at ~=1. In that regime, the appropriate
full wavefunctions are those described in equation (25).
Here, instead, is the result in a limit where much can
be studied analytically, but the lessons learned will ap-
ply to the E=0 sector for more general ~. For example,
the µ2 dependence is interesting. It should not be ex-
actly quadratic at arbitrary ~, since the x dependence
of the wavefunctions is more complicated than just x
1
2 ,
but the leading dependence will be of this form, and so
it should be expected that a quadratic dependence will
indeed settle in at large enough µ. Indeed, this was con-
firmed with the explorations done in the full model in
subsection III B.
To further study the consequences of this E=0 density
on other physics, an option is to examine the thermal
properties of the system in the neighbourhood of E=0.
This will be done in the next section. In preparation,
it is prudent to expand the wavefunctions in low energy
(and effectively small x), keeping only the first few lead-
ing terms. The expansion to use in the wavefunction
expression (17) for the Bessel functions is, for small z:
JΓ(z) =
∞∑
m=0
(−1)m
m!Γ˜(Γ +m+ 1)
(z
2
)Γ+2m
, (30)
where Γ˜ means the Γ–function, an unfortunate necessity
since the symbol Γ is already in use. The result is:
ψ ' 1√
2~
· x
1
2+Γ
Γ˜(Γ + 1)
(
E
1
2
2~
)Γ(
1− 1
4(Γ + 1)
x2E
~2
+
1
32(Γ + 1)(Γ + 2)
x4E2
~4
+ · · ·
)
. (31)
For later discussion, it is useful to write explicitly some
of the (1, 2) (i.e., Γ=0) case:
ψ ' 1√
2~
· x 12
(
1− 1
4
x2E
~2
+
1
64
x4E2
~4
+ · · ·
)
, (32)
while for (2, 2) (i.e., Γ=+ 12 ):
ψ ' 1√
2~
·
√
2
pi
E
1
4
~ 12
x
(
1− 1
6
x2E
~2
+
1
120
x4E2
~4
+ · · ·
)
,
(33)
and for (0, 2) (i.e., Γ=− 12 ):
ψ ' 1√
2~
·
√
2
pi
~ 12
E
1
4
(
1− 1
2
x2E
~2
+
1
24
x4E2
~4
+ · · ·
)
.
(34)
Notice that these expansions are in the opposite regime
to what is usually used to get classical (large E) physics.
Also, from the minimal string perspective they can be in-
terpreted as partition functions of FZZT probe branes in
closed string backgrounds (with Γ units of R–R flux, for
integer Γ), as mentioned in subsection IV B. It is instruc-
tive to construct v(x)=−~ψ′/ψ for these Bessel cases,
yielding:
v(x) ' −~
x
(
Γ +
1
2
− 1
2
1
(Γ + 1)
x2E
~2
−1
8
1
(Γ + 1)2(Γ + 2)
x4E2
~4
+ · · ·
)
,(35)
The leading term is the −~C/x seen earlier (see e.g.,
above equation (27), where C= 12+Γ here. The remain-
ing terms are organized in terms of the small expansion
parameter g˜=xE
1
2 /~. The diagrams associated to these
expansions are all topologies with a single boundary (its
on the probe FZZT brane), some number h of handles,
and some number of (pairs of) points representing Γ units
of R–R flux insertion. Each such element introduces a
factor of g˜2. So for the case (1,2) here (i.e., Γ=0) the
diagrams are purely a genus expansion weighted with
g˜2h−2+1. For half–integer Γ, an interpretation in terms of
non–orientable surfaces seems more natural (given that
the (0, 2) and (2,2) (i.e. Γ=± 12 ) JT supergravities are
themselves time–reversal symmetric).
The natural topological counting parameter g for the
expansion in this regime, is the inverse of what is more
familiar from the high energy regime. After building the
partition function, an integration over x and the Laplace
transform will exchange x for µ, and E for 1/β, and
the natural expansion parameter will be gˆ=µ/(~β 12 ). In
JT supergravity it will simply count how many times an
FZZT brane (ψ) is included in an amplitude (basically a
pair for every application of the operator P).
V. LOW TEMPERATURE
This section’s goal is an understanding of the thermal
properties of the neighbourhood of the ground state of
the JT supergravity theory, particularly the novel (1,2)
case where there is a finite non–zero energy density at
E=0. It will transpire that some insights will be gained
that will be applicable to ordinary JT gravity too. The
intuition developed in section II D and ref. [24] about the
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interplay of the role of wormholes and non–perturbative
physics will pay off considerably here.
The thermal physics can in principle all be computed
from the free energy:
F = − 1
β
〈lnZ(β)〉 . (36)
To be clear, this is the ensemble average of the logarithm
of the partition function, as opposed to the logarithm
of the average of the partition function. This ensem-
ble average can in principle be done by using the replica
method:
〈lnZ(β)〉 = lim
n→0
( 〈Z(β)n〉 − 1
n
)
. (37)
While this is easy to state, it is a hard computation
to do and interpret correctly using traditional gravity
techniques, as discussed recently in this JT context in
ref. [40]. However, as will now be shown, progress can be
made using minimal string technology.
A. Preparing for Replicas
The matrix model (minimal string) techniques of sec-
tion II can in principle be used to compute 〈Z(β)n〉 for
arbitrary temperatures, but there is an obstruction to
progress in making sense of the replica definition above.
In the full non–perturbative JT supergravity computa-
tions of ref. [24] and section III, the wavefunctions are
only known numerically, and so the much needed n–
dependence of the quantity is obscured. Even in the low
energy and small ~ limit of the previous section, where
the wavefunctions can be written as Bessel functions (see
equation (17)), the nested integrals defining 〈Z(β)n〉 are
hard to massage into a form where the leading n depen-
dence becomes apparent. Nevertheless, some significant
progress can be made if only interested in a limit.
Since the goal is low temperature physics, the full
wavefunctions are not needed. It is enough to expand
them to leading order in a small energy expansion. It
turns out that in this limit, all the integrals can be done!
This will be enough to learn about the large β (small T )
regime. The next observation to be made is that, in a
generalization of what was seen for the two–point func-
tion in section II D, the fully connected piece of the n–
point correlator has the lowest power of β in its denom-
inator, so it dominates at ultra–low temperatures. See
figure 10. Therefore, contributions from pieces that mix
connected and disconnected pieces can be ignored at lead-
ing order in the large β expansion.
The general form of the connected correlator for the
product
∏n
i Z(βi) has an amusing form. It is implicit in
ref. [60] (see also ref. [49, 88]), but was put into a rather
Figure 10: The (crystalline entity) n–point wormhole geometry,
which dominates at low energy.
beautiful explicit form in ref [89]:
〈
n∏
i
Z(βi)〉 (38)
= Tr ln
[
1 +
{
−1 +
n∏
i=1
(1 + zie
−βiH)
}
P
]
O(z1z2···zn)
,
where P is defined in equation (11). For the computation
in hand, all the βi are set to β. It is worth looking at the
structure of some examples:
〈Z(β)〉 = Tr[e−βHP]
〈Z(β)2〉 = Tr[e−2βHP]− Tr[e−βHPe−βHP]
〈Z(β)3〉 = Tr[e−3βHP]− 3Tr[e−βHPe−2βHP]
+2Tr[e−βHPe−βHPe−βHP]
〈Z(β)4〉 = Tr[e−4βHP]− 4Tr[e−βHPe−3βHP]
−3Tr[e−2βHPe−2βHP]
+12Tr[e−2βHPe−βHPe−βHP]
−6Tr[e−βHPe−βHPe−βHPe−βHP] . (39)
The next step is to turn these traces into integrals over
the explicit forms of the wavefunctions. This goes as
before for the one– and two– point case described in sec-
tions II B and II D. First, inserting the projector P results
in, e.g.:
Tr[e−m1βHPe−m2βHP · · · e−mMβHP] = (40)∫
dx1
∫
dx2 · · ·
∫
dxM ×
〈x1|e−m1βH|x2〉〈x2|e−m1βH|x3〉 · · · 〈xM |e−m1βH|x1〉
Inserting a complete set of wavefunctions via:
1≡ ∫ dψ|ψ〉〈ψ| after every exponential and writing
〈x|ψ(E)〉≡ψ(x,E) results in a family of nested inte-
grals (essentially Laplace transforms for inverse temper-
atures miβ) over the energies, with integrands built out
of products of objects of the form
ρ(E′, E) ≡
∫ µ¯
0
ψ(E′, x)ψ∗(E, x)dx . (41)
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Notice that the upper limit on x is denoted µ¯, the value
of which will be determined later. Intuitively, µ¯ should
be expected to depend on n in some way. To under-
stand why, it is useful to recall the matrix model origin of
the coordinate x. Before taking the double scaling limit,
there is a discrete label or index, i which runs from 1 to
the size of the matrix, N . In taking N→∞, the label i
is exchanged for a continuous label/coordinate X=i/N
that runs from 0 to 1. The ends of the (unscaled) dis-
tribution of matrix energies are located at X=1. The
double scaling limit zooms into the endpoint, and the
coordinate x arises as X=1−xδ2, where δ→0 as N→∞.
(The parameter ~ arises as the scaled 1/N topological
expansion parameter via 1/N=~δq, where q is a positive
number.) The point here is that the scale of x is tied to
the original size of the matrix N . In doing the replica
method here to perform the averaging, the formalism is
being used to compute for n copies of the large N system,
so to compare to physical properties already computed
by the matrix model for a single copy of the formalism,
it makes sense that x (and hence the integration limit µ¯)
will need to be scaled with n in some fashion. This will
become apparent below.
B. Free Energy from Replicas
The next step is to simply perform all the many in-
tegrals that need to be done. As mentioned earlier, the
integrals are able to be performed if the wavefunctions
are first expanded in small E. Inserting the low energy
expanded wavefunction (32) gives for the (1, 2) case:
〈Z(β)〉 = 1
4
µ¯2
~2
1
β
− 1
16
µ¯4
~4
1
β2
+ · · ·
〈Z(β)2〉 = 1
8
µ¯2
~2
1
β
− 5
64
µ¯4
~4
1
β2
+ · · ·
〈Z(β)3〉 = 1
12
µ¯2
~2
1
β
− 29
288
µ¯4
~4
1
β2
+ · · ·
〈Z(β)4〉 = 1
16
µ¯2
~2
1
β
− 103
768
µ¯4
~4
1
β2
+ · · · (42)
where recall that the range on the projector x–integral is
0≤x≤µ¯, where µ¯ will be discussed below.
Similarly, using equation (33) for the (2, 2) case the
results are:
〈Z(β)〉 = 1
6
1√
pi
µ¯3
~3
1
β
3
2
− 1
20
1√
pi
µ¯5
~5
1
β
5
2
+ · · ·
〈Z(β)2〉 = 1
24
1√
pi
µ¯3
~3
1
β
3
2
− 1
160
1√
pi
µ¯5
~5
1
β
5
2
+ · · ·
〈Z(β)3〉 = 1
54
1√
pi
µ¯3
~3
1
β
3
2
− 1
540
1√
pi
µ¯5
~5
1
β
5
2
+ · · ·
〈Z(β)4〉 = 1
96
1√
pi
µ¯3
~3
1
β
3
2
− 1
1280
1√
pi
µ¯5
~5
1
β
5
2
+ · · · (43)
and finally, using equation (34) for the (0, 2) case:
〈Z(β)〉 = 1√
pi
µ¯
~
1
β
1
2
− 1
6
1√
pi
µ¯3
~3
1
β
3
2
+ · · ·
〈Z(β)〉 = 1
2
√
2√
pi
µ¯
~
1
β
1
2
− 1
pi
µ¯2
~2
1
β
+ · · ·
〈Z(β)〉 = 1
3
√
3√
pi
µ¯
~
1
β
1
2
− 3
2
1
pi
µ¯2
~2
1
β
+ · · ·
〈Z(β)〉 = 1
4
√
4√
pi
µ¯
~
1
β
1
2
− 1
pi
µ¯2
~2
1
β
+ · · · (44)
In each case, notice that, as promised at the end of sub-
section IV D, the expansion parameter is gˆ=µ¯/~β 12 . It is
very natural from the underlying minimal string perspec-
tive, where the physics is simply closed strings. A pair of
probes D–branes (ψ) is inserted with every action of P in
forming the correlator of a string of Z(β)s, giving a factor
of gˆ2 each time. There is an overall extra gˆ2Γ (analogous
to the extra flux insertion, or pair of cross–caps), and
this gives the organization of the above expansions.
For the (1, 2) case, the n dependence of the leading
term is evidently such that
〈Z(β)n〉 = 1
4n
µ¯2
~2
1
β
+ · · · (45)
(The subleading piece will be discussed in a moment.)
Looking ahead to the replica method, this will give
〈lnZ(β)〉 = lim
n→0
(
1
4n2
µ¯2
~2
1
β
− 1
n
)
, (46)
which appears to be completely divergent. However, the
expected n dependence of µ¯ has not yet been yet deter-
mined. Requiring a finite result is a natural way of deter-
mining its behaviour with n. The most obvious choice is
that it should scale like n, i.e. µ¯=nµ, (fitting the expecta-
tions of the last subsection), yielding a finite contribution
from the first term.
The fixed divergent term is (relatively) harmless and
goes the way of other non–universal divergent pieces
in taking the double scaling limit. Since it is β–
independent, it will not be of concern on its own. How-
ever, there is a (similar) divergent piece that should
be handled carefully. Ultimately a β–independent piece
will yield a constant contribution to the entropy. But
this is already understood to be the extremal entropy
S0=− ln ~. It should appear here. To understand how it
fits, it is again useful to recall the double–scaled origins of
this quantity. The N states of the system should produce
an entropic lnN contribution to the average 〈lnZ〉. On
the other hand, the double–scaling limit involves writ-
ing 1/N=~δq (q some positive number) as δ→0. So
lnN=− ln ~− ln δq = S0 − ln δq, and the latter term is of
the same (but opposite sign) character as the divergence
being seen in the replica result above. Put differently, a
fixed additive ambiguity can be absorbed into S0.
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Finally, then, the leading result for the free energy is:
F = − 1
β
〈lnZ(β)〉 = −S0
β
− 1
4
µ2
~2
1
β2
, (47)
a satisfying outcome. Note that a subtle feature that
worked well for this method is the fact that the expansion
of the wavefunctions in low E meant that the range of x
should be small for the expressions to remain valid. So
having µ¯ shrink as the replica limit n→0 is performed is
consistent with the approximations made.
Before moving on, a glance at the first level of sub-
leading terms in the expansions in equation (42) (still
from the connected correlator) shows an interesting pat-
tern. The terms seem to be actually 1/16n times a num-
ber that is the coefficient of the nth term in an expan-
sion of ln(1−m)/(1−2m) (this is not proven, but the
first four terms match). But this can’t be the whole
story, since there will also be terms at these orders com-
ing from diagrams that mix connected and disconnected
pieces. It would be interesting to see what the overall n–
dependence looks like. This will be left for future work.
The leading order free energy (47) produces an entropy
that is linear in its dependence on T :
S(β) =
(
1− β ∂
∂β
)
〈lnZ(β)〉 = S0 + 1
2
µ2
~2
T , (48)
and so a linear specific heat also:
C = T
∂S
∂T
=
1
2
µ2
~2
T . (49)
Notably, the entropy is manifestly positive all the way
down to where it becomes the extremal value S0 at T=0.
This is in contrast to the logarithmically divergent neg-
ative entropy that comes from using ln〈Z(β)〉 as the free
energy, as discussed in the introduction.
This result is also consistent with the earlier observed
density of states at E=0, which was in this limit:
ρ(0) =
1
4
µ2
~2
, (50)
showing the same dependence on the parameters. This
finite energy density enters all the thermodynamic quan-
tities in the neighbourhood of T=0. For example, the
energy U=−∂β〈lnZ(β)〉 is:
U =
1
4
µ2
~2
T 2 . (51)
This should all be contrasted with the (2,2) and (0,2)
supergravities. For the former case, the n dependence of
the leading term is
〈Z(β)n〉 =
√
n
6n2
µ¯3
~3
1√
pi
1
β
3
2
+ · · · (52)
The same choice as before, µ¯=nµ, will lead to a vanishing
(at this order in β) of the free energy in the n→0 limit,
because of the extra n
√
n factor. This would be consis-
tent with the vanishing of ρ(E) at E=0. Perhaps higher
orders in β (taking into account other contributions from
mixed connected and disconnected diagrams) will yield
something non–vanishing in the limit. (Alternatively, a
different scaling for µ¯ can be chosen to absorb the n de-
pendence, giving a free energy which goes as T 5/2. This
seems less natural.)
For the (0,2) case:
〈Z(β)n〉 =
√
n
n
µ¯
~
1√
pi
1
β
1
2
+ · · · (53)
This time, choosing the same ansatz µ¯=nµ would again
give a vanishing free energy in the n→0 limit, since there
is an uncanceled
√
n. Again, working at higher orders in
temperature should yield something non–vanishing. (Al-
ternatively, as a (less natural) alternative, the scaling
with n of µ¯ can be chosen to make the β dependent piece
finite, resulting in a free energy that scales as T 3/2, but
again this choice seems less well–motivated.)
C. Low Energy and Temperature for JT Gravity
The success seen in the last section for the scaling
replica method encourages a search for other examples.
The most obvious one is JT gravity itself. There are sub-
tleties, because there are non–perturbative instabilities
in the standard matrix model definition given in ref. [15],
connected to the fact that there are non–perturbative
contributions to the spectral density for E<0. A stable
non–perturbative definition was proposed in ref. [22], and
examined further in ref. [24]. For that case, the spectrum
stops at E=0, and in fact the spectral density was again
observed to be non–zero and finite there.
If the replica method presented here is robust, it should
produce a similar low temperature thermodynamics to
that seen for the (1,2) supergravity, since the properties
derived were attributed to the presence of ρ(0), the finite
E=0 density. This is worth trying to get to work. A quick
and instructive way to proceed is to use the observation
that, once the dust had settled, the resulting spectral
density for the low energy k=1 tail looked rather like that
of the Airy case, but simply truncated at E=0. This is is
not exactly right of course: At low enough energies, the
Airy functions handed over to Bessel functions, which
naturally cut off the undesirable part of the spectrum13.
So an instructive analysis of the low energy spectrum
of JT gravity that avoids the non–perturbative bad be-
haviour is to treat the low energy k=1 tail as being the
13 This all worked nicely because the underlying minimal models
used were the (4k, 2) models also used to later build the super-
gravity models, but combined together in a way that yields the
bosonic spectrum at higher energies. Simply put, this definition
of JT gravity “borrows” the good low energy behaviour of JT
supergravity.
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usual Airy model, but truncate at E=0. The wavefunc-
tion for the Airy case is given in equation (15) and ex-
panding about small E and x gives:
ψ(E, x) ' 1
3
2
3 ~ 23 Γ( 23 )
+
3
1
6 Γ( 23 )
~ 43pi
(x+ E) + · · · , (54)
and the next step is to insert it into the multi–point func-
tions and compute the integrals. This time the projec-
tor P is different. Instead it is
P =
∫ 0
x¯
dx|x〉〈x| , (55)
where x¯ will not go to −∞ as it usually does since the
expansion of the wave–function is only valid for small x.
This is appropriate since then the result will be sensitive
only to the low energy physics at E and x small.
The leading order (in large β) result is (neglecting any-
thing higher order than linear in x¯):
〈Z(β)n〉 = 1
9n
|x¯|
β
3
2
3
~ 43 Γ( 23 )2
+ · · · (56)
and so if the scaling choice |x¯|=n is made (again, con-
sistent with previous expectations), the free energy that
results is (after including the S0 term and handling the
1/n term as above for (1, 2)):
F = −S0
β
− 1
3
4
3 ~ 43 Γ( 23 )2
1
β2
, (57)
giving again an entropy and specific heat that are lin-
ear in T , and a quadratic energy U . Notice that here
the combination e2S0/3T naturally appears, matching el-
ements of the replica wormhole discussion in ref. [40].
This work will be discussed in the next section.
The actual non–perturbative definition of JT gravity
presented in ref. [22] used the (4k, 2) minimal models in
an appropriate combination, and so its low T physcis can
be given the same treatment as the previous section for
Γ=0. The difference is that its natural µ value is zero
(there’s no “tip” of the tale), which would give a vanish-
ing free energy at this order. To make progress in this
case (to explore the effects of the finite non–vanishing
ρ(0) that it has), the small ~ limit would need to be re-
laxed somewhat, and wavefunctions built from solutions
of Painleve´ II according to section IV C would need to be
used instead. Perhaps a keeping some extra terms in the
asymptotic expansion for v(x) could yield expressions for
ψ(x,E) that can give analytic results for 〈Z(β)n〉.
VI. CONCLUSIONS
A core result is that the spectral density ρ(E) of
(1,2) JT supergravity (and a non–perturbatively regular-
ized proposal for ordinary JT gravity) has a finite non–
vanishing piece at zero energy, ρ(0), generated by non–
perturbative quantum effects. This is particularly inter-
esting, not the least because it could be a simple model
of various kinds of disordered or frustrated systems with
either exactly this property, or close to it. The thermo-
dynamics uncovered matches some of their characteris-
tics [47, 48]. Such systems often have glassy behaviour.
The ability to use quantum gravity to study the non–
trivial low temperature dynamics of the kind found here
seems like a valuable opportunity for modelling aspects
of quantum disordered phases. It is complementary to
the approach of refs. [90–93].
It is worth noting that the successful combined replica
and double–scaling method of the last two sections had
a surprising simplicity (at least to leading order in the
large β expansion). In particular, the n dependence of
the 〈Z(β)n〉 quantity is of a rather simple and unambigu-
ous form. It followed from the fact that in the large β
limit, the dominant contribution to the correlator is the
connected part that treats the n boundaries symmetri-
cally. This translated nicely into the fact that there was
no need for “replica symmetry breaking” [94, 95] arising
from a need to make sense of the availability of different
analytic continuations of the n dependence, as happens
in e.g., the classic spin glass models of refs. [25, 96]. This
suggests that while there are some shared key features
with simple models of spin glasses (linear S and C, non–
zero finite ρ(0), etc.), this part of the phase diagram (i.e.,
linearly emerging from T=0) is somewhat different. This
does not exclude similarities emerging at nearby regions
of the phase diagram (see below).
The possible meaning of this paper’s results for mod-
els such as SYK and generalizations thereof would be in-
teresting to establish. It would also connect to recent
discussions (e.g. in refs. [97–100] about the difficulty
of finding spin glass phases in SYK and SYK–like mod-
els. Note that some of the arguments [97] center around
the fact that there is random matrix behaviour lurking,
which seems to be incompatible with the phenomenology
of glassy behaviour (due to eigenvalue repulsion). Note
however that non–perturbative effects have been explic-
itly shown here and in ref. [24] (using random matrix
models, ironically) to yield a breakdown of eigenvalue
repulsion at E=0, so there seems to be an opportunity.
Meanwhile, ref. [40] presented a recent discussion of
replica wormholes and replica symmetry breaking in the
context of JT gravity, where the gravity computations are
done explicitly. They interpret some of their findings as a
sign of replica symmetry breaking. As mentioned above,
by building the quantum gravity theory path integral us-
ing matrix model methods, the issues they had seem to
have been avoided. It is not at present clear whether this
success is intrinsic to the matrix model approach’s known
ability to sidestep technical difficulties and get to the an-
swers directly, or whether it is because of better control
of non–perturbative aspects of gravity. It may well be a
mixture of the two, although the analysis of this paper
shows that significant non–perturbative effects in the low
temperature regime play a dominant role in the physics,
and so it is difficult to compare to their replica compu-
tation in order to see where the point of departure may
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be. This is certainly worth further exploration.
It is also possible that at the next non–trivial or-
der in 1/β, the replica computation with the matrix
model approach also gets more complicated. This is be-
cause there will be terms of two kinds appearing. Mix-
tures of connected and disconnected diagrams, as well as
connected diagrams where (looking at the structure of
equations (39) for example) different subsets of the n–
boundaries get different emphasis. So the n–dependence
is likely to be less trivial, and hence subtleties may oc-
cur in the analytic continuation in preparation for taking
the n→0 limit that may well amount to replica symmetry
breaking, arising literally from wormhole sectors treating
the n–boundaries unequally. This could give an opportu-
nity for at least some of the physics seen in spin glasses
to appear at higher T . It is interesting that the leading
order effects studied in this paper managed to avoid this.
For future work, it could be worthwhile to perform
the replica method directly in the matrix model before
double scaling, afterward taking the double scaling limit
to return to the continuum theory. The method here was
guided somewhat by knowledge of the un–double–scaled
theory, but was a hybrid of both sides of the limit. In
addition to possibly locating clues as to how the replica
symmetry breaking issues mentioned above were avoided,
such an approach could also yield in a nicely organized
toolbox for obtaining higher order T and ~ corrections.
The linearity of the entropy and specific heat seen at
low T in this paper is of a different slope than that
of the high temperature phase. So there is a possible
phase transition or interesting crossover in the interme-
diate regime to be understood. It could be connected to
the results of ref. [40] and/or the subleading physics dis-
cussed two paragraphs above. Again, the possibility of
more lessons from spin glasses may well be alive.
Replica methods of various kinds are powerful tools to
bring to bear in understanding various aspects of quan-
tum gravity. Now that double–scaled matrix models
have been (again) rebooted in the service of understand-
ing quantum gravity, it is worthwhile further exploring
replica computations with them as a possible probe of
some observables 14.
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Appendix A: Disconnected and Connected Pieces
of the (1,2) JT Supergravity Spectral Form Factor
So as to not disrupt the flow of the main body of the
paper, and since they were not immediately needed, the
individual parts of the spectral form factor for the (1,2)
JT supergravity are presented here. See subsection III C
for discussion, ref. [24] for the results for the (2,2) and
(0,2) models, and figure 9 for the behaviour of their sum.
The disconnected piece is given in figure 11, and the con-
nected piece in figure 12.
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Figure 11: The disconnected part of the (1,2) JT supergravity
spectral form factor vs. t, at β=50 and ~=1.
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Figure 12: The connected part of the (1,2) JT supergravity
spectral form factor vs. t, at β=50 and ~=1.
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